A duality symmetric formulation of linearized gravity has been introduced by Barnett [5] and used to show the conservation of helicity. However, the relation between helicity and spin as well as the separate conservation of the spin and orbital parts of angular momentum, which is known to hold in Maxwell theory, was not considered. These conservation laws are known to follow from the conservation of the so-called helicity array, an analog of the zilch tensor, which includes helicity, spin, and spin-flux or infra-zilch. In the present paper we prove the conservation of spin and orbital angular momentum for linearized gravity on Minkowski space, and construct the analog of the helicity array for linearized gravity.
Introduction
The Maxwell theory of electromagnetism introduced in the mid-19th century has had a remarkably rich history, and although its modern field-theoretic formulation is simple and transparent, it is also deep and subtle. Important discoveries concerning the structure and content of Maxwell theory, including symmetries and conservation laws, as well as phenomena related to the interaction of light and matter, continue to be made. The Einstein 1915 theory of gravity, which was discovered to a large extent motivated by the tension between Maxwell theory and Newtonian gravity, exhibits far-reaching analogies with Maxwell theory. The recent observation of gravitational waves provides a good motivation to further analyse the wave nature of Einstein theory and to explore its symmetries and conservation laws, as well as its analogies to Maxwell theory.
Symmetries and conservation laws are fundamental features of any field theory. In the case of Maxwell equations, in addition to the Lorentz, conformal, and duality symmetries which were found by Lorentz, Heaviside, Larmor and Bateman roughly in the period 1890-1910, further non-trivial symmetries were found by Fushchich and Nikitin during the 1970's and 80's, cf. [17] and references therein. See Anco and Pohjanpelto [2] for a classification of the local conservation laws for the Maxwell equations. Anco and The [3] carried out a classification of local conservation laws for a duality symmetric formulation for Maxwell theory. The non-classical conservation laws discussed there include the zilches found by Lipkin [19] and the helicity, originally found by Candlin [15] .
Remarkably, a new set of conservation laws including intrinsic spin and orbital angular momentum for Maxwell theory were found in the early 1990's by Allen et al [1] and van Enk and Nijenhuis [23] . The decomposition of total angular momentum into spin and orbital angular momentum parts is well known but these have been viewed as not representing physical observables. The new conservation laws found in the just cited papers, which were excluded, due to locality assumptions, by the analysis of Anco et al., turn out to play an important role in experiments and their discovery has led to a burst of activity in the optical literature. These new conservation laws, which include intrinsic orbital angular momentum, spin, and spin flux or infra-zilch, were analysed in the work of Barnett et al. [4, 6, 13] and Bliokh et al. [12] . See also references in these papers for background. A systematic use of a duality-symmetric formulation of Maxwell theory plays a central role in this work. In particular, in the work of Barnett et al. the symmetries of the Maxwell equations giving rise to the new conservation laws via Noether's theorem were discussed. Further, Cameron et al. have introduced an analog of Lipkin's zilch tensor, called the helicity array, cf. [14] . The helicity array is conserved, and this property implies the conservation laws for helicity, spin and infra-zilch which were just mentioned.
The analogy between Maxwell theory and gravity is particularly close if we consider the weak field theory. A Maxwell-like and duality symmetric formulation for linearized gravity on Minkowski space was introduced by Barnett [5] , where the analog of helicity for linearized gravity was derived as the Noether current for the action of duality symmetry. It is worth mentioning at this point that helicity and duality symmetry for Maxwell theory and linearized gravity have previously been studied in terms of the standard formulation, and from a Hamiltonian point of view by Deser and Teitelboim [16] , and Henneaux and Teitelboim [18] .
In this paper we shall use the duality symmetric formulation of linearized gravity introduced by Barnett in the just cited paper to derive generalizations of the helicity, spin, and infra-zilch conservation laws, and a generalization of the helicity array for linearized gravity on Minkowski space. In view of the role of spin and orbital angular momentum in the interaction of light with matter it is interesting to explore the analogous effects in gravity.
Overview of this paper. In section 2 we review the duality symmetric formulation of Maxwell theory including the conservation of helicity, cf. section 2.3, decomposition of angular momentum into its spin and orbital parts and their conservation, cf. section 2.6. The construction of the helicity array for Maxwell theory, which contains the conservation laws for spin, and spin flux, or infra-zilch, is presented in section 2.7. Section 3 presents the duality symmetric formulation of linearized gravity on Minkowski space, and constructs the helicity array. The conservation of helicity for linearized gravity is presented in section 3.3, and the decomposition of angular momentum into its spin and orbital parts is given in section 3.5. The helicity array for linearized gravity is presented in section 3.6. Section 4 contains some concluding remarks. Appendix A gives some remarks on Belinfante-Rosenfeld symmetrization procedure and the relation between the symmetric and canonical energy-momentum tensors.
Duality symmetric formulation of Maxwell theory
2.1. Notation and conventions. We shall consider fields on Minkowski space with signature (−, +, +, +), using index notation with Greek indices α, β, · · · taking values 0, · · · , 3, and lowercase Latin indices i, j, · · · taking values 1, 2, 3. Let (x α ) be Cartesian coordinates on Minkowski space with temporal coordinate x 0 = t and spatial coordinates (x i ), so that the Minkowski metric takes the form
where δ ij is the Kronecker delta. For a 2-form F αβ = F [αβ] on Minkowski space, the Hodge dual is ( * F ) αβ = 1 2 ǫ αβ γδ F γδ with ǫ αβγδ the Levi-Civita symbol. We shall sometimes make use of vector calculus notation for 3-dimensional objects, with E, B denoting vectors with components E i , B i , respectively. We shall use natural units in which ǫ 0 = µ 0 = c = 1.
Duality symmetric action. Let
be the Faraday tensor with potential A α . The electric and magnetic fields E, B for F αβ are
The standard Lagrangian for Maxwell theory is, in the absence of sources,
The Euler-Lagrange equation resulting from the action
which together with (2.2) which implies ∂ β ( * F ) αβ = 0 yields a form of the Maxwell equations which is manifestly invariant under the duality reflection F αβ → ( * F ) αβ . However, the Lagrangian (2.4) fails to be duality invariant. This motivates introducing a manifestly duality symmetric variational principle for the Maxwell equations. Let
be an auxiliary 2-form field, which will play the role of the dual ( * F ) αβ , with potential C α . Following [11, 13] , we consider the duality symmetric Lagrangian
with the corresponding action
where we treat C α and hence also G αβ as fields independent of A α and F αβ . The Lagrangian L EM-ds is manifestly invariant under the transformation
This discrete transformation (2.10) is the infinitesimal generator for the U (1) action
The Euler-Lagrange equation for L EM-ds is
Imposing the constraint
on initial data at {t = 0}, the solution of equations (2.12) has the property that the duality constraint
is satisfied globally. In the following, unless otherwise stated, we shall assume the gauge condition
This gauge condition, which we shall refer to as transverse gauge, is a combination of the temporal gauge A 0 = C 0 = 0, and the Coulomb gauge ∇·A = ∇·C = 0. This is consistent on Minkowski space but not on a general background. In transverse gauge, the electric and magnetic fields take the form
Helicity. The Noether current for the duality symmetry (2.11) is known as the helicity current 1 
In section 2.5, we will show that what is found here as the helicity flux is nothing but the spin density: J H = S. Provided the equation of motion holds, the helicity current is conserved,
If the equation of motion (2.12) is satisfied, the canonical energy-momentum tensor is conserved:
which corresponds, via the Neother theorem, to the fact that spacetime translations are symmetries of the Lagrangian. The components of the canonical energy-momentum tensor include the energymomentum four-vector
as well as the orbital momentum density vector P o i = T i 0 and the canonical stress tensor σ i j = T i j . In transverse gauge, these components of the canonical energymomentum tensor take the form
Woltjer [24] introduced the magnetic helicity which is conserved in perfectly conducting fluids.
Candlin [15] introduced a conserved current, which he called 'screw action', that is the same as expression (2.17) up to a trivial current, i.e. with identically vanishing divergence. Moffatt [20] introduced the helicity of a flow in hydrodynamics and coined the term 'helicity' in classical field theory. Electromagnetic helicity was introduced first in papers by Ranada [21, 22] .
where we have used the notation
cf. [7] . The conservation of the energy-momentum tensor (2.21) implies the conservation of energy and orbital momentum through
We note that the canonical energy-momentum tensor is asymmetric,
26)
The symmetric energy-momentum tensor
is related to the canonical energy-momentum tensor T α β by the Belinfante-Rosenfeld procedure, see appendix A for details. If the equation of motion (2.12) is satisfied, then the symmetric energy-momentum tensor is conserved, ∂ α (T s ) α β = 0, and if in addition the duality condition (2.14) holds, we have that (T s ) α α = 0. It follows that for a conformal Killing vector ν a , satisfying
where η αβ is the Minkowski metric, and hence the current
is a conserved current, which differs by a total divergence from the Noether current corresponding to the symmetry of the action provided by the action of ν α , cf. appendix A. The fact that the canonical energy-momentum tensor is non-symmetric is closely related to the fact that the Maxwell field has spin. A Lorentz generator ν α is of the form
The action on the electromagnetic field is via the Lie derivative
provides a symmetry operator, i.e. it takes solutions of the Maxwell equations to solutions. As we shall discuss in appendix A, the two terms in the right hand side of (2.31) correspond to the orbital and spin parts of angular momentum.
2.5. Angular momentum. The Noether current corresponding to a Lorentz generator (2.30) is of the form
where the rank-3 canonical angular momentum tensor is anti-symmetric in the first two indices. The anti-symmetric rank-2 tensor M αβ0 contains the angular momentum 3-vector M i = 1 2 ǫ ijk M jk0 , related to the symmetry with respect to the spatial rotations, and boost momentum 3-vector N i = M 0i0 related to the symmetry with respect to the Lorentz boosts. It is constructive to recall that these 3-vectors are of the form M = r × P and N = P t − E r for point particles.
The canonical angular momentum tensor M αβγ for the duality symmetric Lagrangian (2.8) is given by
where its two parts come from two terms in (2.31) and arẽ
The total angular momentum M αβγ is conserved,
provided the equation of motion holds. We have used tilde on the two parts of the angular momentum, i.e.L αβγ andS αβγ , to indicate that they are not separately conserved currents, in contrast to their sum. In fact,
The total angular momentum density M given by M i = 1 2 ǫ i jk M jk0 splits into the orbital and spin angular momentum densities L, S given by
respectively. We have
Here P o is the orbital momentum density introduced in section 2.4. One may note that the spin density (2.38c) is exactly the same as helicity flux in (2.18). The two partsL αβγ ,S αβγ of the canonical angular momentum tensor, which contain the orbital angular momentum and spin densities respectively as their temporal components, are in fact related to the orbital and spin parts of angular momentum current, and it turns out that in spite of (2.36), they can be modified to yield separate conservation laws which in particular encode the conservation of the orbital and spin parts of angular momentum. Moreover, as will be discussed in section 2.7, the helicity and spin conservation laws can be encoded in the so-called helicity array N αβγ .
2.6. Conservation of spin and orbital parts of angular momentum. Separate conservation of orbital and spin angular momenta of free electromagnetic fields are considered by several authors, see e.g. [8] and [4] . Bliokh et al. [12] have shown that there is a quantity ∆ αβγ , skew-symmetric in the first pair of indices, such that defining
Further, as we shall see, ∆ αβγ can be chosed such that ∆ αβ0 = 0, and hence
(2.41) so that the modified orbital angular momentum, and spin densities agree with those given in (2.37).
From (2.34b),S ijk is anti-symmetric in two first indices. Its dual satisfies
in which, the false spin fluxΣ ij obtained from nonconserved spin currentS αβγ , is
where H is the helicity of electromagnetic field (2.18).
In order to have a proper continuity equation for the spin density S, the right hand side of equation (2.43) should be absorbed in the flux term. This can be done by finding a modifying term ∆ ij satisfying
One may note that the above modification leads to the symmetrization of spin flux. The conservation law for spin takes the forṁ
In order to verify this, we calculate the first term in (2.46),
where for the second equality we have use the Maxwell equations. Next, we calculate the divergence of spin flux (second term in (2.46)) and show that it is indeed negative of (2.47),
Here we have used the identity
The second and forth terms in (2.48) are zero and the remaining terms cancel that in (2.47 ). This proves that the conservation law for spin (2.46) holds. The modifying term ∆ ij = 1 2 ǫ i kl ∆ klj of spin flux is a component of the 3-index modification term ∆ αβγ in (2.39). All components of the 3-index modification tensor can be obtained by comparing equations (2.36) and (2.39), which suggests the relation ∂ γ ∆ αβγ = T αβ − T βα , and noting that we wish to carry out this modification in such a manner that the orbital and spin angular momentum densities L and S in (2.38b) and (2.38c) are not affected. Based on these considerations, the components of ∆ αβγ in transverse gauge can be defined as
With this choice of ∆ αβγ , (2.39) yields the conserved orbital and spin angular momentum currents L αβγ and S αβγ . The spin conservation law, for the orbital angular momentum density vector, which in view of (2.41) is as in (2.38b), and its flux density Λ ij = 1 2 ǫ i kl L klj given by 
In second line, we have used the Maxwell equations as well as (2.16) . In third line, we have used the identity ∇ × (∇ × A) = ∇(∇ · A) − ∇ 2 A and the same for C and in the last line, an integration by parts and the transverse conditions for potentials. Thus the flux of spin flux (or flux of infra-zilch in the terminology of [14] ) is [14] arranged these quantities in the 3-index helicity array N αβγ , with symmetry N αβγ = N (αβ)γ . The helicity array has 27 independent components given by
57d)
Despite its suggestive structure, N αβγ it is not a tensor. The significance of this helicity array is in the fact that all conservation laws (2.19b), (2.46) and (2.56) for helicity, spin and spin flux, or infra-zilch, are contained in the continuity relation
For ease of reference, we restate these here,
As pointed out in [14] the transformation 
This transformation may be iterated to yield the higher order zilches. The zilch tensor can be written in a covariant form
which is manifestly symmetric between two first indices but for solutions of Maxwell equations, it is totally symmetric.
Duality symmetric formulation of linearized gravity
3.1. Background and notation. Barnett [5] exploited the analogy of gravity with Maxwell theory to introduce a duality-symmetric formulation of linearized gravity on Minkowski space, and used this to derive the helicity of the gravitational field. Truncating the Einstein-Hilbert Lagrangian
R .
(3.1) yields a Lagrangian for linearized gravity which, after adding a total derivative and setting 32πG = 1, takes the form
is the linearized metric. In the gauge
which may be consistently imposed on Minkowski space, the Lagrangian L LG takes the form
Adding a total derivative term gives the dynamically equivalent Lagrangian
We shall make use of analogues of vector calculus operations for symmetric 2tensors here, and now introduce the notation which will be used. Let c ij , d ij be symmetric 2-tensors. We use bold faced letters c for a symmetric, traceless 2-tensor like c ij . Further, we shall use several binary operations. These are the scalar dot product
6c)
and the wedge product
We also define the divergence and curl of a symmetric 2-tensor e ij as (∇ · e) i = e ij ,j , (∇ × e) ij = ǫ kl (i e j)l,k (3.7)
The symmetric, traceless 2-tensor fields
will play the role of analogues of the electric and magnetic fields in Maxwell theory.
Using the notation we have just introduced, we have
which is closely analogous to the standard Lagrangian (2.4) for Maxwell theory. The Euler-Lagrange equations which follow from this Lagrangian, when written in our current notation, take the form
which is close to the free Maxwell equations. In order to construct a duality symmetric Lagrangian for linearized gravity, we introduce a second (auxiliary) gravitational potential k ij , which is analogue of 4-potential C α in duality symmetric Maxwell theory and impose the transversetraceless gauge conditions on it.
Duality symmetric Lagrangian.
Let h ij , k ij be a pair of symmetric, traceless 2-tensors. Following the procedure that was used in the Maxwell case, we introduce a duality symmetric Lagrangian for linearized gravity
This is manifestly invariant the duality reflection
which generates the continuous U (1) duality rotation
Note that, similar to the duality symmetric Lagrangian of Maxwell theory, this Lagrangian is zero under the duality constraint,
It follows from the Euler-Lagrange equations for L LG-ds that the duality constraint holds globally if it holds at t = 0. In the following, unless otherwise stated, we shall impose the duality constraint and the transverse traceless gauge condition,
The Maxwellian gravitational fields e ij and b ij in terms of these potentials are 
whose components in transverse-traceless gauge are
This current is analogous to the electromagnetic helicity current (2.18), but it will be shown later that the flux J k is one half of the spin density vector S k , which is the consequence of describing the gravitational field by a symmetric 2-tensor. Thus we define the helicity H and spin S of the gravitational field to be 3
The helicity conservation law isḢ
3.4. Energy-momentum tensor. The canonical energy-momentum tensor for the duality symmetric Lagrangian (3.11) is
where we have used the notation [e · (∇)h] i = e jk h jk,i similar to the notation in previous section.
3.5. Angular momentum. Similar to Maxwell theory (section 2.5), the canonical angular momentum current in linearized gravity can be derived as
where nonconserved orbital and spin angular momenta,L αβγ andS αβγ , arẽ (3.26) and the spin density 3-vector is obtained as
27)
Similarly to the Maxwell case, the conservation of spin and orbital angular momenta of the gravitational field cannot be found directly fromS αβγ ,L αβγ which are not separately conserved. We have
28)
To find the proper conservation laws, we need to modify the spin and orbital angular momentum fluxes in a way that total angular momentum conservation remains unchanged.
The false spin flux obtained from nonconserved spin currentS αβγ in (3.26) is
Whit similar analysis to the one we made for Maxwell case, the modifying term ∆ αβγ can be find to have the components, in transverse-traceless gauge, as
The first of these three equations is the condition for not altering the spin and orbital angular momentum densities. The second one modifies the boost angular momentum flux and the third one modifies the spin and orbital angular momentum fluxes. The latter modification results in (symmetric) spin flux
31)
which together with the spin density (3.27) satisfies the continuity relatioṅ
3.6. Helicity array for linearized gravity. Similar to the Maxwell case, the spin flux of linearized gravitational field is conserved:
where the flux N ijk can be obtained easily by computing the time derivative of Σ ij and observe that it is in fact a total derivative. This results in
The helicity array, then, can be constructed as 
Remark 3.1. In the case of Maxwell theory, the transformation
takes the Helicity array to the Zilch tensor. It is reasonable to conjecture that this holds also in the case of linearized gravity.
Conclusion
We have presented the duality symmetric formulation of linearized gravity on Minkowski space, and derived the generalization from Maxwell theory of the conservation laws for helicity, spin, and infra-zilch to the gravitational case.
The fact that the spin and orbital parts of angular momentum are separately conserved and therefore physical observables has had a tremendous impact in optics and in our understanding of the interaction of light and matter. Here we have shown that the spin and orbital parts of angular momentum are separately conserved also in linearized gravity on Minkowski space. It is now interesting to analyze the consequences of this fact for the interaction of gravity with matter as well as with other fields. We remark that Bialynicki-Birula and Bialynicki-Birula [9] have constructed beams of gravitational waves carrying orbital angular momentum. Recently [10] , the interaction of such beams with matter has been investigated.
The analysis presented here relies on the transverse-traceless gauge. It has been shown by Bialynicki-Birula and Bialynicki-Birula [8] that a gauge-invariant, but non-local, expression for spin and orbital angular momentum can be given by using the Biot-Savart law. In effect, this means that from the gauge-invariant fields E, B, the potentials A, C are determined by inverting the curl operator ∇×. In future work, we plan to make use of the analogue of the Biot-Savart law for the case of linearized gravity to find a gauge invariant formulation of the Helicity array also in this case.
where K αβγ is constructed from (nonconserved) spin current tensor 4Sαβγ :
The symmetric energy-momentum tensor (A.1) is manifestly gauge invariant and contains the momentum density coincident with the energy flux (Poynting vector) P . Explicitly, its components are:
These are the same as components of symmetric energy-momentum tensor derived from the standard (i.e. duality asymmetric) Lagrangian (2.4).
As a result of this symmetrization procedure, an additional term P i s = ∂ γ K i0γ contributes to the momentum, modifying it to coincide with the energy flux (i.e the Poynting vector) [7] :
This is a total derivative in free space and gives a boundary term 
where in the last term, the expression under derivative can be derived as
The total angular momentum 3-vector then can be obtained as 
